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Abstract 

In a recent paper [5], it is proved that the genus two free energy 
of an arbitrary semisimplc Frobcnius manifold can be represented as 
a sum of contributions associated with dual graphs of certain stable 
algebraic curves of genus two plus the so called genus two G-function, 
and for a certain class of Frobenius manifolds it is conjectured that the 
associated genus two G-function vanishes. In this paper, we prove this 
conjecture for the Frobenius manifolds associated with simple singu- 
larities of type A. 
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1 Introduction 



The notion of Frobenius is a geometrical characterization of the Witten- 
Dijkgraaf-Verlinde-Verlinde (WDVV) equations of associativity that arise 
in the study of 2D topological field theory (TFT) [TJ [21 H [20]. For a 2D TFT 
with n primary fields, the generating function of its correlators, called the 
free energy, has the genus expansion 

J-(t) = J> 2 ^ 2 J- 9 (t), (1.1) 

where for any g S Z>o the function J~ g (t) is called the genus g free energy, it 
is a function defined on the large phase space of the 2D TFT with coordinates 

t = (t a « p ), a = l,...,n, p = 0, 1, 2,.... 

The restriction of the genus zero free energy J-o(t) yields a function 

F(v , . . . , V U ) = ^b(t)| t a,i, = o(p>0), t a .°=v a 

of n variables v , . . . , v n which satisfies the WDVV equations of associativity. 
In terms of the corresponding Frobenius manifold, the function F(v) is called 
the potential, and the variables v , . . . ,v n are called the flat coordinates of 
the Frobenius manifold w.r.t. the flat metric defined by 

d 3 F(v) n . . 

One of the important subjects of study in the theory of Frobenius man- 
ifold is to reconstruct the full genera free energy J-(t) in terms of the geo- 
metric structure of the Frobenius manifold. The reconstruction of the genus 
zero free energy .Fo(t) is achieved with the help of a particular solution 

v(t) = (v\t),...,v n (t)) (1.3) 

of an integrable hierarchy of the form 

dv c 



dtP* 



K j3, qn {v) v 2, a,(3 = l,...,n, q>0. 



Here and in what follows summation w.r.t. repeated upper and lower greek 
indices is assumed. This integrable hierachy is defined on the loop space of 
the Frobenius manifold, and is called the Principal Hierarchy in 0. With 
the identification of the spatial variable x with the time variable i 1,0 , this 
particular solution of the integrable hierarchy has the following relation with 
the genus zero free energy .Fo(t): 

V {t) = r] Wmnfi' a = l,...,n. 
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Here (jf#) = (r^)" 1 . 

For the reconstruction of the higher genera free energies for any semisim- 
ple Frobenius manifold, an algorithm is given in [7] by solving recursively 
the so called loop equation of the Frobenius manifold. The genus g(g > 1) 
free energy J- g (t) can be represented in the form 

F g {t) = p g (u(t),^(t),...y 3 *- 2 )(t)) , (i.4) 

where v (t) is the particular solution of the Principal Hierarchy, and 

v^(t) = (d k x v\t),...,d k x v n (t)). 
In particular, the genus one free energy has the expression [3j El [13] 

Ji(t) = ±]ogdet(c afh (v(t)vZ(t))) + G(v(t)), (1.5) 

where 

d 3 F(v) 
Ca ^ [V) ~ dvodvPdv-r 
and G(v) is called the genus one G-function of the semisimple Frobenius 
manifold. The function G(v) is defined by the isomonodromic tau function 
tj and the Jacobian J of the transformation between the flat coordinates 
v , . . . , v n and the canonical coordinates u±, . . . , u n (see their meaning below) 
of the Frobenius manifold via the formula 

G(,)=log. T ^ ) 



Note that in the expression (|1.5|) of the genus one free energy J-\, the first 
term in the r.h.s. of the formula can be represented by the genus zero three 
point correlation functions since we have 

d 3 J-o(t) 

c a07 (v(t))v2(t) = mlfidtafidtf}fi ■ (1.6) 

Thus the genus one free function can be represented as the summation of 
two parts, the first part can be represented explicitly by using the genus 
zero correlation functions, and the second part is given by the G-function 
defined on the Frobenius manifold. In general one do not know the explicit 
expression of the G-function given in terms of the flat coordinates. However, 
it is proved in [14|, [T9] that for a semisimple Frobenius manifold that is 
associated to a simple singularity or, equivalently, to the a Coxeter group of 
ADE type, the function G{v) vanishes. 

Similar to the above expression of the genus one free energy, it is shown 
in a recent paper [8] that the genus two free energy can also be represented 
as a summation of two parts: the first part is given in an explicit way by 
some genus zero correlation functions, and the second part is given by the 
so called genus two G-function. 
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Theorem 1.1 ([8]) Let M be a semisimple Frobenius manifold of dimen- 
sion n. Then the genus two free energy has the expression 

16 

?2 = Cp Q p + (u, u x , u xx ). (1.7) 
P =i 

Here each term Q p corresponds to a dual graph of a stable curve of arithmetic 
genus two and can be represented by some genus zero correlation functions; 
c±,...,ciq are some constants. The function G^(u,u x ,u xx ) is called the 
genus two G-function of the Frobenius manifold, and has an explicit expres- 
sion (|A.1|) represented in terms of the canonical coordinates U\, . . . , u n of 
the Frobenius manifold. 

In [8] it is also conjecture that for a certain class of Frobenius manifolds 
the genus two G-functions equal to zero. 

Conjecture 1.2 If M is a Frobenius manifold associated to an ADE sin- 
gularity or an extended affine Weyl groups of ADE type, then 

G^(u,u x ,u xx ) = 0. (1.8) 

The construction of the two classes of Frobenius manifold structures men- 
tioned in the above conjecture can be found in [H Q2]. They can also 
be interpreted in terms of cohomological field theory and Gromov-Witten 
invariants of P 1 -orbifolds, see \10\ [FL] \12\ [TB] [T8] and references therein. 
The purpose of the present paper is to prove the following theorem. 

Theorem 1.3 For the class of Frobenius manifolds obtained from the simple 
singularities of type A, the above conjecture holds true. 

The paper is organized as follows. In Section [2] we represent the rotation 
and Lame coefficients of the Frobenius manifolds associated to the simple 
singularities of type A in terms of their superpotentials. In Section [3] we 
prove some identities that will be used in the subsequent sections. In Section 

(2) (2) 

H]we prove the vanishing of the coefficients G\ (u) and G\j (u) that appear 
in the expression of the genus two G-function. In Section [3HB] we finish the 
proof of Theorem 11.31 Section [7] is an conclusion of the paper. 

2 The Rotation and Lame Coefficients 

Let us recall the definition of the rotation coefficients and Lame coefficients 
of a semisimple Frobenius manifold (M n , • , ( , ),e,E) . Near each point of 
the Frobenius manifold there is a system of local coordinates U\ , . . . , u n given 
by the roots of the characteristic polynomial of the operator of multiplication 
by the Euler vector E. They are called the canonical coordinates of the 
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Frobenius manifold. In these coordinates the multiplication table defined 
on the tangent space of M is given by 

d d r d . . , 

^— -Q— = d »j"fl— > i,j = l,...,n. 

oui ouj 

In the canonical coordinates the unity vector field e and the Euler vector 
field E have the expressions 

n d n d 

^ dui ' ^ ^ U% dui ' 
i=l i=l 

and the flat metric ( , ) of the Frobenius manifold takes the diagonal form 

n 
i=l 

The Lame coefficients hi and the rotation coefficients jij of the above diag- 
onal metric are defined by 

hi = hi(u) = y/rjU, i = l,...,n 

and 

1 dhj r 

lij = rrji = hid^ fOTi/j ' 7m = ° 
for some choice of the signs of the square roots. They satisfy the following 
equations: 

-rr^=likhk fori^k, = -^2~{ ik hk, (2.1) 

^=7*7^ toMM, ^ = ^=iK-^7 fc3 --70- . (2 . 2) 

Now let us consider semisimple Frobenius manifold associated to the 
singularity f{z) = z n+l of type A n . The miniversal unfolding of the function 
f(z) is given by 

X(z,t) = z n+1 +t n z n - 1 H h*i, (z,t)6CxB, (2.3) 

where .B is an open ball in C n . Denote by C C B the caustic and M = B\C . 
Then on M there is a semisimple Frobenius manifold structure given by the 
flat metric 

M = -^__J1^P^3± i2A) 

o z A{Z, t) 

and the multiplication 

W ■ a", a"'), = - *.„ (a ' A( *' " )( ^ ( f; t>) ! 8 '" A( '' ()> - (2.5) 

o z X{z, t) 
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for any d , d ,d' 6 TfM. The unity vector field and the Euler vector field 
are defined by 

oti ^— ' n + 1 at a 

a=l 

Note that the flat coordinates u , . . . , v n of the metric ( , ) can be represented 
as quasihomogenius polynomials of t\, . . . , t n by the formula 

Tl ~\- 1 n + l — a 

Res^ =00 A(z) "+ 1 dz, a = l,...,n. 



n + l — a 

For example, when n = 1,2,3 the corresponding Frobenius manifolds have 
the following potentials respectively: 

F{v) = \{v l ) 2 v 2 - ±-(v 2 )\ v^tu v 2 = t 2 . 
b 21b 

F(v) = \v x fv 3 + -«V) 2 - -( v 2 ) 2 (v 3 ) 2 + — ( V 3 ) 5 , 
u 8 V ; 8 v ' 64 v ; v ' 3840 v ; 

v 1 = ti - -tl, v 2 = t 2 , v 3 = t 3 . 

Let z±, ■ ■ ■ i z n be the critical points of \(z, t) satisfying 

d g \(z,t)\g= Zi = 0, i = l,...,n. 

Then the canonical coordinates of the Frobenius manifold are given by the 
the critical values 

Ui(t) = \(zi,t), i = l,...,n. (2.7) 

The Lame coefficients hi and the rotation coefficients jij can be represented 
as follow [8]: 

hi = 7mry 7l5 = (^p u=1 '-' n - (2 - 8) 

Here and in what follows we denote X(z,t) by A(z), and derivatives of the 
function \(z) are taken w.r.t. the variable z. 

To simplify the expressions that will be given in what follows, we intro- 
duce the notations 

2 1 ^ l ^ n ( 2 - 9 ) 



with Uij = Ui — Uj , and 



X"(zi) 



Zij — Zi — Zj, — \iu „\ ' i,k — 1, . . . , n. (2-10) 



The following lemma lists some identities that will be used frequently in the 
proof of Theorem 11.31 
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Lemma 2.1 The Lame coefficients hi and the rotation coefficients "fij sat- 
isfy the following identities: 



d k hi = A^ fork^i; d l h l = h 3 l (-C? 3 --Ci i ); (2.11) 

_ h<i h j hi . . 

Ofe7y = 2 2 /or distinct i,j,k; (2-12) 

z ij \ z ij ZiJ 4 / 

fli = (C?3 " C«) • (2-14) 

#ered fc = -ir k - 

Proof The lemma can be proved by using the identities (|2.1|) . (|2.2|) . the 
formulae f|2.8j) and the residue theorem on the complex plane. Let us show 
the details of the derivation for the identity (|2.12|) as follows: 



1 / v-^ 1 hihj \ - Uj - u k jij 

\ Ujkliklkj ~ lij = > 2 2 X/// \ 



^ Res 



Uij k (Z- Zi) 2 ( Z - Zj) 2 X'{z) Uij 

= bhi ( ReSz=z + Res ^ . ) A (^)- A (^) . _ Hi 

Uij V * Zl 2 ^ / (z - Zi) 2 (z - Zj) 2 \'(z) Uij 

h i h j ( 3 C i3 C 2 3 CjA 

Here the last equality is due to a residue formula for Rq(2,2) given in ap- 
pendix B. The lemma is proved. □ 



Remark 2.2 In what follows we will frequently calculate residues of some 
rational functions, so for the readers convenience we list some useful residue 
formulae in Appendix B. 



3 Some useful identities 

In this section, we list some identities that will be used in the subsequent 
sections to prove the main theorem of the present paper. 
For fixed distinct indices i,k € {1,2, ... , n}, let us denote 

Ai,k,p '■= ^2 ' 
j^k,i kj 
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In order to simplify the notations we will write -Aj fcp by A p in what follows, 
keeping in mind that the indices i, k are fixed. By using identities among 
symmetric polynomials we have 

1 



E 



n<...<j p Zkjl ' ' ' Zkj p 
l(Al-3A 1 A 2 + 2A 3 ), 



^(Af - QA\A 2 + + 3A% - %A A ), 

^{A\ - 10A\A 2 + 2QA\A Z + IhA^l 



— {A\ - VSA\A 2 + 40AfA 3 + 45AjA 2 2 

-90AlA 4 + 144Ai^5 - 120^1,42^3 
-15A| + 90A 2 A 4 + 40y4| - 12(L4 6 



p=2; 
p=3; 
P=4; 

p=5; 



p=6. 



(3.1) 



These identities enable us to represent the rational functions zf k Ck, p + 2 in 
terms of A p by using the following relation: 

zf k C k , p+2 = ( P + i)\zf k Y, - 1 I (3-2) 



ji<...<j P 



Zkj 1 ■ ■ ■ Zkjp 



( P + iy. 



1 



7 P-1 



E 



1 



\ n<-<jp Zkjl ■ ■ ■ Zkjp .1 ...<j p : :/ ''' ! ' ' ' :/ ''''" 1 , 

\ ii.-Jp^!,*: ji,...,j p -i^i,k / 



For example, when p = 1,2 we have the following identities respectively: 

ZikCk3 = 2( - 1 + A 1 z ik ), (3.3) 



-ik 



C k A = 3{Al-A 2 )z 2 lk -(SA 1 z i k. 



(3.4) 



We can also represent the rational function in terms of A p due to the 
relation 



n 



n-2 



Zk Zj 



i-E 

P =i 



E 



1 



I ]!<■■■< jp 

\jl,-,3p¥=k, 



Zkj 1 ■ ■ ■ Zkjp 



p 
Z ik- 



(3.5) 



By using the above identities, we arrive at the following lemma. 
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Lemma 3.1 For any fixed i 6 {1, 2, . . . , n} we have the following four iden- 
tities: 

Y.%(cl-C li - 2 -^) (3.6) 



hi 



2 (6C? 3 - 15C? 3 C i4 + 4C? 4 + 7C i3 C i5 - 2C i6 ) ; 



^ (A. _ ^k' 

(75C/ 3 - \2()C%C i4 + 2 
3Q 3 \ 



ft 4 
240 



(3.7) 



(3.8) 



h? 



— (75Cf 3 - 240Cf 3 C i4 + U0C l3 Cf 4 + 120C/ 3 C i5 - 60C l4 C i5 
44C i3 C i6 + 10C i7 ); 



Elfe-^-^) (3.9) 



¥i hi v *i 

= -^(135C& " 525C 4 Q 4 + mClCl - 60C& + 270C^Ci5 

— 300Ci 3 Cj 4 Cj5 + 30Cf 5 — 108Cf 3 Cj6 + 52Cj 4 Cj6 + 32Cj 3 Cj7 — QCi%). 

Proof Let us take the first identity as an example to illustrate the proof 
of the lemma. Regarding z% as an independent variable, we denote the 
functions defined by the r.h.s and the l.h.s. of f|3.6|) by fi(z{) and f2(zi) 
respectively. Since both of these rational functions tend to zero when Zi 
tends to infinity, in order to prove the identy (|3.6p we only need to show 
that these two functions have identical principal parts at each of their poles 
Zk(k / i). Note that the orders of these poles do not exceed 5 and Zi — Zk 
is not a zero or a pole of the function, so it suffices to show that the Taylor 
expansions of the functions zf k f\(zi)/h 2 and zf k f2(zi)/h 2 in Zi — Zk coincide 
up to the terms of order 4. 

It follows from the identities (I3.1I)-(I3.5I) that 



4^§^ = "8 - 2A lZlk + (A 2 + A 2 )z 2 ik + | (A\ - 3A,A 2 - 4A 3 ) zf k 
+ i (A\ - \2A\A 2 + 3A 2 - 4A X A 3 + 12A 4 ) z\ k + 0(zf k ). (3.10) 
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By using the identities 

j^k,i l 3 m>0 V J 

and (|3.2p we can also represent the functions z ki Ci jP+ 2 in terms of the func- 
tions A\ , A2 , . . . . Thus we can obtain the Taylor expansion of the function 
zf k f2{zi)/hf at Zk, and it turns out that its Taylor expansion coincide with 
(|3.10p up to the zf k = (zi — Zk) 4 term. The lemma is proved. □ 



4 Vanshing of and G^f 

Let us fix k 7^ i and regard —^(k 7^ i) as an independent variable in the 

(2) 

expression of G\ given in Appendix A, then the sum of all its coefficients 

(2) 

that appear in the expression of G\ is given by 

[ Ui r '~ 6O/1 3 5760/tf 120hih k V 5760ft,, 2 hi 

1 1 

' 1152hihl 1920/i, 3 V 5760/iify 5760hih k O 4 - 1 ) 



ukiik _ ijjk _ 



2880/ij/ifc 1152/i 2 ^ 1920/ii/i 2 

By using the formulae given in (|2.8p and in Lemma 12.11 we obtain the 
identities 

ludkhj = h\ y 1 = h\ v^ Reg A"(z) 



5760/^ 57604 ^ z\ 57604 (* " ^) 2 A'(*) 



57604 1 (* " ^) 2 A'(^) 57604 1 4 



i4 • 



and 



\ - dkla = 1_ = fa| 1 1_ 

,^5760^ 57604^4 5760**^ z\ ] 



K ( &k3 _ 1_n 

57604 4 3 



Here we used the residue formula for R\{2) given in Appendix B. In a similar 
way, by using (|2.8p and the residue formula for R§{2, 2) given in Appendix 
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B we obtain the identity 

hklillkl V- _J_ J4_ V- R X "( z ) 

ft mahtf 1920 ft fe ^ 1920 (* - Zl )\z - z k f\'{z) 



1920 (ReSz=Zi + ReSz =^ V (* - zi)*(z - z k ) 2 X'(z) 



19204 V4 z . fc 4 + 3 4 + 3 A 

Now the vanishing of T{ k,x ) easily follows from the above three identities. 

^ i,x 

(o) 

Thus by using the identities (|2.11|) - (|2.14|) we can represent the function G\ 
in the form 



Gj " 5760 I 16 i3 + 3 i3 i4 " 36 C<4 



ft? / 3 „„ 1 o „ 11 



+ ft 1^7604 I ' 3 *J 384^4^4 .J J 

ft V 5764 1920zf fc 57604 V 2 3 3 

(2) 

To simplify the above expression of G\ , we need to use the following iden- 
tities: 

V^-VRes X " {Z) - Res ^ (4 2) 

/i 2 1 1 

§ i = § ReSz ^ fc = " Res ^ (43) 

ft 4 ft fe (* - * (* - 1 J 

Together with the residue formulae for Ri(p), R2(p) and Ri(p,q) that are 
given in Appendix B, the above identities enable us to simplify the expression 

(2) 

of G\ further to obtain 

=fi(z i )-f 2 (z i ), 

where 

( ^hf ( 2 2C; 3 \ /if / 3 C*Z3\\ 



,,, A -sr( lh > (r* r 2Ca \ h > 



2/7 
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h{Zl) ~ " 5760 \l6 Cl3 " T i3 14 + 12^ 4 + ^T Ci3 ^ 5 " I^ 6 J • 
From the identities (|3.6p . ()3.7p it follows that fi(zi) = f2{zi)- Thus we 

(2) 

proved that Gi equals zero. 

(2) 

Now let us proceed to prove the vanishing of G\j . Since 7^ = 0, we only 

need to show that G\j = for i ^ j. By using the formulae given in ([27 
and Lemma |2. II we obtain 

r (2) / 6 C a -C j3 1 a 2 \ fefof ^ 1 

J ' 57604 U ^ + 3^ 4 J + 2880,3 2-, ^ • 

(2) 

Then the vanishing of G^ - follows from the following residue formula: 



(4.5) 



k% " (z-ZiXz-ztfX'iz) 

X"(z) 



(Res z=Zi + Res z=Zj ) 



( Z - Zl )( Z - Zj )2\l( Z ) 



'3 > 

3 Cjg — Cj3 1 I Cj3 _ Cja \ 

4 h «j v 4 3 ; 

Thus we have proved that in the expression (jA.ip of the function , the 
first two terms on the r.h.s. do not do not give any contribution. In the 
next two sections, we are to show that the sum of the remaining two terms 
also equals to zero. 

(2) 

5 The skew symmetry property of P^ J for % ^ j 

In this section we are to prove that the sum 

i+3 

has no contribution to the function G^ 2 \ i.e. we need to show that 



p(2) = _p(2) • , ■ 



By using (|2.8p and (|2.10|) we easily obtain the following identity: 



k,l 



h k hf \hi 2hj) h k hf J 

\ ^ h i h2 j ( CJ3 _ CkA _ , CjA _ f _ 
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Then by using Lemma (|2.ip we can simplify P^- to arrive at the following 
expression of it: 

h-hj ( 41 41C i3 41(-3Cj 8 3 + 2(7^ + 2^4) Q 3 (-3C| 3 + 4C j4 ) 
4 ^4804 14404 172804 17280^- 

CJ 3 (9C| 3 - 30Cj 4 ) - 16C 3 - 4 (Ci4 ~ C 3 - 4 ) + g|j(-9C|3 + 24C j4 ) \ 
+ 207360 J 

/ h 2 jh) , 1 q 3 15Cg j -10q 4 + 2C j4 \ llfflj 

^ 44^1604 480 % " 17280 J 480^4 

ftffrfgg h]hl(3C? 3 -2C t4 ) h)h) lijh)C,, \ 
36044 432044 " 24044 72044 J 

' Ci4 3C? 3 + 12C?3-2C i4 -6C7 J -4 

V96z 2 , 1440&,- 17280 



-l — = 1- 



432044 16044; 

+ a l 2880 444 + 4 8o44 160 44 + 96 4*?*, 

28804 \U 4 4 

We need the following residue formula to calculate the summations in the 

(2) 

above expression of Jv. : 



E Cfc3 _ 
7 2 r 3 



44 ^(*-*) 2 (*i -*)»*(*) 

Res 2=2i + Res 2 



\"'{z) 



*3 



(Zi - z)\ Zj - zf\'{z) 



QC l3 + AC j3 3Cf 3 -3C] 3 -6C l4 + 6C l4 
z 5 2z 4 
3Cf 3 + 6C| 3 - 8C l3 C i4 - 16C j3 C j4 + 6C i5 + 12C i5 

+ ^| 

3C/3 - 10C| 3 C i4 + 4(C i4 ) 2 + 7C j3 C j5 - 4C j6 

244 

Similar identities can be obtained by applying the residue formulae for 
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Rs(p,q) given in Appendix B to the r.h.s. of the following formula: 



Res, 



\"(z) 



= - (Res^ + Res^.) ( ^ _ ^ z)qX>(z) ) ■ (5.1) 

Here the positive integers p, q satisfy p + q > 3. From these identities and 
the ones given in (|4.2j) — (|4.4j) it follows that 

p(2)_,2,2 Y , 7 f^ 2h]hjC k3 hfhUCl, - C U 

p.. ^.^.x + ^-p- 12^— 3- 2. ^ 



7/i 4 2 ^ h\ ( 2 2C fc3 



2880 4 ^ 



KV^"^ , (5-2) 



where X £ Q[— , C i3 , C j3 , C i4 , Cj 4 , C i5 ,C j5 , C i6 , C j6 \. By using the identity 

(|3.6p that is given in Lemma 13.11 we can simplify py further to get the 
expression 

p {2)_ h 2 h 2 YA 7 t^ 2h]h\C k3 2h\h\C k3 

p.. —h i + ^—f. ( 2^ — 3 — ^3 — 



7hf ( 1 „4 5 2 ^ 1^2 7 1 
2880iE I "2^3 + 4^3^-4 - 3^4 - ^0,30,5 + -G i6 



2880*?, zl f- zl I + ij 



where 

fflj / 22C i3 19C? 3 -104Ci4 15^-34^3^4 + 21^5 

' 57604^ 4 2 4 

+^C« 4 3 ~ 22C,f 3 Ci 4 - -Cj 3 C iA + 5Cf 4 + — C i3 C i5 - j^Ci(^J 

(2) (2) 

Thus we proved the expected equation P,>- = —Pji for i 7^ j. 
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6 Proof of Theorem 11.3 



In this section let us finish the proof of Theorem 11.31 To this end we are left 
to prove that 

\pS ] + QT ] =^ i = l,-..,n. (6.1) 

From Lemma 12.11 it follows that the first term in the above mentioned 
summation has the expression 

lp(2)_ W 1 ^ 



-P 

2 " 480 V zSL ' 2z. 



To prove the vanishing of (|6. If) . we need to calculate the summations w.r.t. 

(2) 

the indices k, I that appear in the expression of Q\ defined in Append 
A. Such summations are difficult to calculate when their summands have 
denominators involving explicitly the difference of canonical coordinates 
u ik — U{ — Uk- Due to this reason let us first pick up all such terms from 

(2) 

Q\ and denote the sum of them by a±, i.e. 

_ / HkHk JikhkHj _ dj^jkhk d k ^ik \ 

^r / .\576u ik hihk b76u ik hf 576u ifc /i 3 576uikhih k J 

( uiklikdau h k Ukakidau \ , , 

f-fXllMuahihi 1152^/tf J' l ' J 

k,lfi 1 

By using Lemma \2.1\ we can rewrite the last two terms in the above expres- 
sion of a\ in the following form: 

uiklikdau _ UkHudklki 
f-i. 1152u u hihi ~ fri. Il52u ik hihk 



ST h k \^ u kl h f f &k3 _ <^A _3_ Cks\ , . 



fc^i l^k,i 

hkUkHkidgu 



... 1152uifc/i? 



In the r.h.s. of the above formulae the summation w.r.t. I can be represented 
as 



E Ukihf _ X(z k ) - \(z) 



\{z k ) - \{z) 



( Res 2=2i + Res z=2fe ) ( 



( Zi - z )2( Zk - z y\>( z )^ 
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Then by substituting the r.h.s. of the residue formula for Rq(2,2) given in 
Append B into (|6,4p and (|6.5p and by using Lemma 12.14 we can represent 
the sum a\ in terms of Zki, Cki, hk and Uk- Note that all terms that contain 
Uik in the denominators are cancelled. 

(2) 

Let us continue to exam summations of other terms in Q ■ . We denote 

(2) 

by «2 the terms in ' — a.\ given by the double summation w.r.t. to the 
indices k, I. By using Lemma 12. II we have 



0,2 ^,{k'^Mo4{4- 6 " + 4%* 

1440^ V 4 ~k ~ T ~T 
, h i h t ( J_ , ^3 C]z _ CiA \- hfui k 

+ 1444 V4 ^ 4 6 ; 2-, 44 

/i 2 f mhf + 24hl + C i3 (12hj + 12hl) 



\ 4 ¥ j V 




(6.6) 



By using the residue formulae for i?3(4) and R§{2,2) given in Appendix B 
we have 

^/i 2 nii_^ X(zj)-X(z) _ \{zj) - \{z) 

h 4 ~h ' =zi (*-*i)*m~ KeSz = Zi {z-zif\>{z) 



= 24^ 3 ~ 

X(z) - X(z k ) 



( Res z=Zk + Res 2= ^ ) 



(Zi-Z) 2 (z k -Z)*\>(z) 



h?Ujk ( 3 ^ Ci3 C^g Cj4 \ 



t* "4 ^ ^ ' 4 

Substituting these expressions of the summation w.r.t. the index I into the 
r.h.s. of (|6.6p . we obtained an expression of a<i without summations w.r.t. 
the index I. 

Let us denote by (3q the summation of the first four terms in the expres- 
sion of Q\ , i.e. 

P ° 5/i 2 Whf + 48/if 120/if ' 
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1 (2) (2) 

and we denote (3\ = -^Pli + Q\ Po- Then it follows from the result of 
our calculation for a\ , ai that 

_ V / h\h\u ik h\C i3 h\u lk Alh^hj hf hf(25Cl-WC i4 )hlu ik 
164 24zJ fc 9604 1204 14404 

hjC i3 hfC k3 _ 73h*C i3 hl _ hf(15Cf 3 - WC lA )h 2 k u ik hj{3Cf 3 - 4C l4 ) 



4804 960 4 5760 4 4320zf fc H5204 

hfC k j fc*(53C& + 38C i4 )^ ^(3C? 3 - 2C i4 )^ fe fc?C& 



57604 69 1 20 4 20736 4 n 520 4 



2 



^ 2 (17C3 -32C t3 q4 + 5Q 5 )^ fofC^CW ^(9^3-12^4 + 4^ 



203404 172804 4147204 

fc?(3C& - 2Cu)C M , /»?(153C& - 390CIQ4 + 92C& + 120C i3 Q 5 - 18C i6 )^ 



+ 



103680 4 8294 404 

, C«4\ fyfc /V<2 <o 2 Cfc3 



, CiA sr^ h k f 2 2C k3 \ 

4608 V 5 + ^J^4r fc3 " Cfc4 "^rJ 

^C J3 ^ ^ /„ 2 3C fc3 \ , 17^ ^ ^ / 4C fc3 \ 

+ W^4^-^-^ 7r j+ n ^^^^3-^4-^j 

By using the identities (|P J| . the identity 



y My = y ReSz _ 2fc A (^) - = _ ReSz _ z - m. , (6 . 7 ) 



and the residue formulae for Ri(p), R2(p), R 3 (p), Ri(p,q) we obtain 

l^ + Q? (6i 

2C fc3 



+ W^4^-^4-^j +II ^^^^ fc 3-C fc4 -^-j 

Here Z £ Q[Cj 3 , Q 4 , Q5, Cj6, CVr, Cjg]. We can simplify the above expression 
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further to get 




) 



hi 



i 



(3420Cf 3 - 12525C- 3 C i4 + 6390Cf 3 C i5 + 10260Cf 3 C^ 



8294400 



- 2496Cf 3 C i6 - 6000C i3 C iA C i5 + 694C l3 C i7 - 1020Cf 4 
+884Q 4 C J6 + 510C? 5 - 102C i8 ) . 

Then the equality (|6.ip follows from the identities (|3.8p . (|3.9p given in 
Lemma 13.11 

Finally, By combining the equality (|6. 1|) with the results of the previous 
sections on the vanishing of G\ , G\a and Pij + Pji (i / j) we arrive at the 
result of Theorem 1 1.3 1 i.e. = 0. The Theorem is proved. 

7 Conclusion 

We proved in this paper the vanishing of the genus two G-functions for 
the Frobenius manifolds obtained from the simple singularities of type A 
by using the formulae of the rotation coefficients and the Lame coefficients 
given in [8] . Similar formulae are also given in [8] for the Frobenius manifolds 
associated to the simple singularities type D, and for the ones associated to 
the extended affine Weyl groups of type A and type D. We hope that the 
prove of the Coniecture ll.2l can also be obtained for these classes of Frobenius 
manifolds by using a similar argument as given in the present paper. We 
will return to the proof of the conjecture in subsequent publications. 
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A The genus two G-function 

We recalled the following expression of the genus two G-function (u, 
that is given in the appendix of [8] : 

(2)/.. i S^r>Wr u ) (^) 3 



1 n 

ij i=l 

with coefficients written in terms of the Lame coefficients hi = hi{u) and 
rotation coefficients 7™ = 7^(14) of the semisimple Frobenius manifold. Here 

r ,(2)_d x h i H i 3dihiHi 19 (dihi) 2 7 dihid x hi 



60 u i!X hf 40 hf 2880 hf 5760^/jf 



HkHi | 7ifc#fc / 7 | Uk,x \ Jik (\dh I 



120 hih k 120 hih k \ u ix ) 5760 h 2 h k 



likdkhk ( •Ufc.x 7 \ -fikdkhk dklikhk dg ik h k u k)X 

hih\ \llh2u^ x 28807 384 384 hf 1920u^ x hf 

dgik dxlik dkHk ( u k x 7 \ ^ikhjd k h k 



+ 2880 hihk + 5760 u itX hih k + /i,^ \ 2880 u* + 2880 J + 2880 /i^ 



7^ f + _19_\ + 7^ 



fc? Vll52u* 720 J 1440 /i 2 



hmau u k ,xhk^iaki\ 



- \2880 h k h 2 1920 u x hihf J ' 



(2) = _ 7 t j g j 7»j _ _7i^_ / \ _t|_ / ftfo 

ij ' 120 ft 2 480 Mi 5760 ^ /i 2 j 5760 I hf h) J 

[ Hjiikijk 1% 

^ I 5760 /i 2 5760 fr fe V ^ / J ' 



(2) = 2 llj H i H j jjjdjhjHj -fjjhjdjhjHj _ 19 ^Hj _ tV.,,//, 
5/ii/i,- 20/ij/i 2 20 M 30 /i 2 6Qhihj 

J J J J J 

41 7 t j 41-fijdgij dgjjdjhj 79~jO l li j jjjdjhjdjhj jjjhjjpjhj 
240 hihj 1440 /i? 1440 /ii/i 2 1440 /if 720 h 2 h 2 288 ^ 



HjlikHj _ 7ik7jkhjhjH k _ ^jj-yjkhjHj ^ikljkhjHj _ 7jijjjkhjH k 
60 hjh k 30 hf 60 h 2 h k 60h j hl 60 h 2 h k 



Hjlikdjhj Jjjjjkhjdjhj _ ~,i.- ji-li;<)jlij Jijjjkhjd k h k JikJjkhhjdkH 
' 720 h 2 h k 240 h'jh k lU0h 2 h 2 720 h\ 288 h\ 
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Ijk dmj hjhkjijdaik hj (3 Jikd^j + 2 7ij<9;7ifc) 7 hj'jijdk (h k j ik ) 



1440 /i;/i fc 360 ^ 1440 h 2 h k 1440 /if 

^iTjfc dfcTjfc ifjljk 7h mjljk Ulijlikljk h n 2 ikljk \ 
480 /i£ 120 hjh k 160/i| 2880 ^ 96 /i| J 

/ hihjugji flu_ ljk \ _ hjjijjjijkl \ 
\ 720 h k hf \h t 2hj) 720 h k h 2 /' 



( 2) = 4H| _ 7JW?f 7{d i h i ) 2 H i _ {djhjf ^ (7j lk HiH k _ 7^/1^ 
W< 5 /if 10 /if 48 /if 120 /tf ~\ IO/4/1* 120 /if /i* 

79 fc (h- 1 ^)^ _ 7^3^^ lik H k {2Hj + 7H k )dg ik 

240 hi 80h 2 h k 576 u ik hih k 240 hih k 

HkhkHj _ 31-y? k Hj jikjdjhi) 2 253~/ 2 k djhj _ dgikd^ _ lf k d k h k 
576u ifc /if 144 /if 720/tf/ife 5760 /if 960/if/i fc 2880 /if. 
79 fc (/ifcSifc) <%/ii 7da ik d k h k 41 dij ik dihih k di{ha ik )d k h k 



1920 /if 5760 hih 2 k 5760 /if 2880 /i^ 



1137 ifc <%7ifc (3 5i7 ifc + d k j ik )j ik da ik h k d k -f ik y{ k 



5760 /if 1440 /if 576-Uifc/if 576u ik hih k 240 hih k 

^\ 2880/ifc/i? 2880 h k hi 240/i;/i fc 2880 hihi 1152u u hihi 

k,l 1 

Ukaiklkidgu hlikdgu h k u k g k idau hiu ik ^ 2 k dau \ 
144 /if 1440/if/i fc 1152u ifc /if 40 /if / ' 

In these expressions, the summations are taken over indices such that 
the denominators do not vanish. 



B Some residue formulae 

Here is the list of most of the residue formulae that we used in this paper. 
Residues of form R\(p) := Res z=Zi ^^iy^) • 

#i(3) = — - (Cf 3 — 2Cj3Cj4 + Cjs) ; 

o 

#l(4) = - ^ (45C& - 120C|C 44 + 40C& + 60C i3 C i5 - 24C i6 ) ; 

^i( 5 ) = " W ( 9C * ~ 30C? 3 C i4 + 20C i3 C^ + 15C%C i5 - 10C l4 C l5 - 6C l3 C i6 + 2C l7 ) ; 

zoo 
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fli(6) = -g^gg (945C| - 3780(7^^4 + 3780C& C? 4 - 560<7f 4 + 1890Cf 3 <7, 5 ; 



2520(7,3(7,4(7,5 + 315Cf 5 - 756<7|C, 6 + 504<7, 4 <7, 6 + 252<7 l3 (7 i7 - 72<7,s) 

l 

z=z i (zi-z)py(z) ■ 



Residues of form R2 (p) = Res 



R 2 (2) = % (3Cf 3 - 2<7, 4 ) ; 



-y2 
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^ 2 (3) = ^(3^-4(7^4 + ^5); 
i? 2 (4) = ^ (45C& - 90C|C i4 + 20C? 4 + 30C l3 C i5 - 6C l6 ) ; 

^ 2 (5) = ^ (45(7* " 120(7|a 4 + 60C i3 Cf 4 + 45<7|<7, 5 - 20<7, 4 <7, 5 
— 12C, 3 C,6 + 2(7, 7 ) ; 

#2(6) = (945C& - 3150(7* (7,4 + 2520CM - 280C& + 1260(7^(7,5 



1260<7 j3 <7 j4 <7, 5 + 105C| - 378(71(7,6 + 168C, 4 <7, 6 + 84C, 3 <7,7 - 12C i8 ) 

i ( Zt -z)py(z) ■ 



Residues of form i? 3 (p) := Res 2 



«3(4) = -^(C? 3 -Q 4 ); 

#3 (5) = - ^ (15(71 - 25<7, 3 C,4 + 9C i5 ) ; 

#3(6) = (15(4 " 35C!<7 i4 + lOC^ + 14(7,3^5 - 4C l6 ) ; 

#3(7) = -g^gg (315C| - 945Cf 3 <7, 4 + 560<7, 3 C? 4 + 399C? 3 C i5 - 231C, 4 C, 5 
-126C, 3 Q 6 + 30<7 47 ); 

#3(8) = -^gQ (315C| - 1155<7 4 3 a4 + 1050C& - 140C& + 504<7|<7,5 
-602<7, 3 C, 4 <7,5 + 63Cf 5 - 168(7^(7,6 + 98C l4 C i6 + 44<7 l3 (7 i7 - 9<7 i8 ) . 
Residues of form R 4 (p, q) := Res 2=Zi (^^'(z) ■ 

#4(5, 3) = -L (45C& - 210(7^^4 + 240C&C& - 40(7f 4 + 135C|C i5 

— 200Cj 3 Ci 4 (7j5 + 30Cf 5 — 72Cj 2 3 Cj6 + 52C, 4 C,6 + 32(7, 3 C, 7 — 12(7,8) ! 
i? 4 (2, 4) = ^ (3C|C i4 - 2Cf 4 - 6(7,3(7,5 + 6<7, 6 ) ; 

#4(3, 4) = ^ (3(7^(7,4 - 4(7,3(7^ - 6<7? 3 <7, 5 + 5(7,4(7,5 + 6<7, 3 <7 l6 - 4<7 l7 ) ; 

#4(4, 4) = (45^(7, 4 - 90<7|<7? 4 + 20Cf 4 - 90<7|<7, 5 

+150<7 43 <7, 4 <7, 5 - 30C| + 90<7? 3 <7, 6 - 66<7, 4 <7, 6 - 60(7 l3 C, 7 + 30C,s) • 
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Residues of form R^(p,q) := (Res z=Zi +Res 
i? 5 (2,2) 



\"(z) 



(z i -z)P{z J -z)iX'(z) 

6 C i3 - C j3 3C? 3 + 3Cf 3 - 4C l4 - 4C,- 4 



4 4 12 4 

15 2C i3 - 2C j3 3^ + 9^3-4^4-12^-4 C? 3 - 2C j3 C J -4 + C j5 

* s(2 ' 4) = 4 4 ^ + H 

45C/ 3 - 120C] 3 C j4 + 40(C j4 ) 2 + 60C i3 C i5 - 24C7 i6 
720^ 5 
15 2C i3 -2C j3 3Cj 3 + 9C? 3 -4C j4 -12C l4 C| - 2C i3 C t4 + Os 

4 4 12 4 4 4 

45C^ - 120C? 3 Ci4 + 40Cf 4 + 60C i3 C i5 - 24C l6 
7204 



125(4,2) 



Residues of form R$(p,q) := (Res2 =Zi + Res 2 



X(z k )-X(z) 



z=z k) \(zi-z)P(z k -z)i\'(z) 



1 hfu ik f 3 C i3 Cf 3 C i4 
3 Cfc3 , /if^ife 6 i 3Cj3 : Cf 3 Ci4 



R ^ 3) ~ 24 12 4 + 4 U + 2, tfc + 4 6 
6( ' )_ 4 64 244 4 U + + 4 6 J 

6(, ) " 24 124 4 V4 + 24 + ^U 6 j 

3C?3 ~~ 4Cj3Cj4 + Cj5\ 



-si — ~J ; 

Ci3_ _ Cf 3 - C iA _ hju ik ( _5_ 2C i3 3 / C? 3 

6i ' j " 4 64 244 4 V4 4 4 V 4 e 

3Cf 3 _ 4C l3 C l4 + C t5 45C 4 , - WC^Cu + 20Cf 4 + 30C i3 C i5 - 6C i6 \ 
l2 Zi k 720 ) 
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